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ABSTRACT 

In this paper, the performance of the Z-MAP algorithmis explored in the context of the turbo equalization of thefaster-than-Nyquist 

(FTN) signals. The complexity of the Z-MAP,in terms of the number of the surviving states at each time epoch,is studied. Finally, the 

performance of the Z-MAP is comparedto that of the backup M-BCJR for turbo equalizing the FTNsignals. 
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1. INTRODUCTION 
Faster-than-Nyquist (FTN) is a signaling scheme wherebandwidth efficiency is obtained by increasing the datatransmission rate while 

keeping a fixed power spectral density(PSD). In FTN successive information carrying symbols areallowed to overlap in time and in 

that way introduce acontrolled extent of intentional intersymbol interference (ISI). 

Since FTN introduces ISI in the transmitted signal, simplesymbol-by-symbol receivers can no longer be used for thedetection process. 

Thus, the nearly-optimal iterative turboequalizer needs to perform the detection task. In addition,as the ISI stemming from practical 

FTN signaling can beof significant duration, full complexity turbo equalizationis prohibitively complex, and alternative, reduced-

complexityequalization methods with acceptable complexity-performancetradeoffs are needed. 

The M-BCJR [1] is a reduced-complexity algorithm ofthe optimal maximum a posteriori (MAP) trellis-based BCJRdecoder [2]. At 

each trellis depth , the M-BCJR keeps thebest  states in terms of the metric values. Other statesare declared null, and no paths are to 

be extended from acanceled state. This process reduces the complexity of thefull BCJR quite considerably at the expense of 

performancedegradation. The M-BCJR is widely applied in the context ofturbo equalization [3]. Other reduced-search variants of 

theM-BCJR are found in [4]–[6]. 

One reduced-search algorithm that performs better than theM-BCJR is the T-BCJR [1]. In the T-algorithm, states withmetrics less than 

a threshold  are discarded. The T-algorithmperformance improves upon the M-BCJR, but the number ofsurviving states varies at 

each trellis depth . 

The backup M-BCJR [4] is a modified version of theM-BCJR. In the backup M-BCJR, a third low complexityrecursion is added to the 

other two forward and backward recursions of the M-BCJR. The backup M-BCJR finds its wayin the equalization process in a turbo 

loop over severe ISI.More on the backup M-BCJR is mentioned in Section 3. 

To improve upon the performance of the backup M-BCJR,the Z-MAP algorithm is applied for the turbo equalization ofthe FTN 

signaling. The results show the superiority of theZ-MAP over the backup M-BCJR in terms of performanceimprovement at nearly no 

cost. 

This paper is organized as follows: Section 2 brieflypresents the highly bandwidth-efficient FTN signaling. Section 3 elaborates more 

on the M-BCJR algorithm along withits variant, the backup M-BCJR, in the context of turboequalization. Section 4 describes the 

working principle of theZ-MAP algorithm and Section 5 characterizes the achievableperformance results. Finally, conclusions 

arepresented inSection 6. 

2. FASTER-THAN-NYQUISTSIGNALING 
Faster-than-Nyquist (FTN) is a non-orthogonal signalingscheme that was first proposed by Mazo [7] in 1975. It is basedon 

transmitting the data symbols on a rate that is faster thanthat allowed by Nyquist orthogonality criterion. Thus, moredata can be sent 

over a given time frame, which improves theefficiency in a given bandwidth. 

FTN has attracted attention in the bandwidth-starved worldbecause it can pack 30%-100% more data using the samebandwidth, the 

same bit energy, and error rate performance [8]. 

Consider ordinary linearly modulated signals whose basebandform is 
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where  are real equiprobable independent and identicallydistributed binary data symbols, and  is a real  -orthogonalbaseband 

pulse. In (1), when  this underlies the Nyquistsignaling, whilewhen , this is FTN signaling. Thevariable  is called the 

packing factor of the system. 

The interesting thing about FTN is that even when thesymbols are sent faster, the minimum Euclidean distance of thesignal set remains 

unchanged, up to a certain limit. Hence, theasymptotic error rate behavior of an optimal decoder remainsunchanged. In addition, FTN 

works by reducing the timespacingbetween adjacent pulses below the Nyquist rate whilekeeping a fixed PSD. 

 

 

Fig1: FTN turbo equalization receiver 

The FTN signal, when , in (1) is transmitted overan AWGN channel . The equivalent discrete-timerepresentation is 

 

where  is a random Gaussian sequence with zero mean andautocorrelation . 

In this paper, we adopt the super minimum phase model ,presented in [4], for the 30% root raised cosine (rRC) FTNpulse stretched in 

time by = 0.5. The unit-energy model is 

 

 

 

 

The precursor values are written in lightface in (3); all detectorsreplace these with zeros and work at a delay . Theτ=0.5 represents a 

50% bandwidth reduction of the system.For more material on the FTN, the reader is referred to [9]– 

[13]. 

Since FTN introduces intentional ISI in the transmittedsignal with a memory-  channel response, then the receiverdesign is more 

complex than the simple symbol-by-symboldetector. As the ISI in the received FTN signal is trellis-structuredthen a MLSE/MAP-

based detector is required. 

Figure 1 shows the nearly-optimal iterative receiver structureimplemented in this work for the turbo equalization of theFTN signals in 

(2). In the figure,  denotes the extrinsicloglikelihood ratios (LLRs). The LLRs are defined later in (6). 

3. M-BCJR BEHAVIOR 
In this section, it is assumed that the reader is familiar withthe BCJR algorithm [2]. As a reminder, the BCJR is a two-waydecoder that 

performs one forward recursion and one backwardrecursion from which the trellis metrics  

 and  arecalculated as follows: 
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where  is a state in the trellis and   is the metric of the branch connecting states . 

The M-BCJR algorithm reduces the complexity of the BCJR by maintaining only the best  values of  

and . The other states are neglected and set to zero, thus canceling many states and their corresponding outgoing branches. 

In turbo equalization, soft information is needed to be passed around the turbo loop. This soft information is in the form of a posteriori 

probabilities (APPs) represented by the LLRs as 

 

 

where is the a posteriori probability of the symbol  given the received sequence is  [4], and  is the binary 

transmitted symbol sequence. 

The main advantage of the M-algorithm over the other reduced-complexity decoding techniques, is that it performs the same number 

of computations at each trellis depth . This behavior makes it easy for a system designer to specify the parameter  in advance to 

meet a certain level of complexity-performance tradeoff. The total number of calculations the M-algorithm performs for a depth  

trellis is reduced from to , where  is the cardinality of the signal set. 

In the turbo iterative loop, accurate LLR values are needed. A heavily reduced trellis based on the M-BCJR degrades the quality of the 

LLR and, in the worst scenario, the algorithm ends up having an empty set of probabilities either in the numerator or the denominator 

of (6) at practical signal-to-noise ratios (SNRs). The M-search is then quite sure of the correct symbol, and there is no estimate of the 

LLR magnitude at all. In this case, the backup M-BCJR works out the problem. It adds a third low complexity recursion that provides 

a backup value for the empty set of probabilities in (6). For further reading on the backup M-BCJR, the reader is referred to [4]. 

4. THE Z-MAP IN TURBO EQUALIZATION 
The weakness of the M-BCJR algorithm lies behind its tendency to error amplification [14]. Due to the zero-forcing of a large number 

of the trellis states, the M-BCJR causes poor estimates of the alphas, . This behavior causes a burst of errors throughout the data 

block. At erroneous moments, there are usually one or more competitors with the most probable state. A unique way of dealing with 

these error moments is to identify them first with a certain criterion, and then to increase the number of the surviving states around 

these moments. This is the principle upon which the Z-MAP algorithm is based. 

The Z-MAP algorithm is named so because the shape of the letter “Z” mimics the algorithm’s way of operation: GO, STOP in error 

instance, BACK and increase the number of states. 

In M-BCJR equalization the correct instants are characterized by an impulse with a high alpha value for the probable state, as shown in 

Figure 2. Other alphas have very small levels (probabilities) due to more zeros in previous instants. The presence of an error is 

generally characterized by a presence of one or more competitors in the alpha values, as shown in Figure 3. This phenomenon can be 

used as an easy criterion to locate an error possibility. 

 

Fig 2: The most probable state in the correct instant. 
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Fig 3: Presence of a concurrent at the error instant. 

According to [14], the accumulation of more zero forcing in the M-BCJR algorithm is more significant and supports the simultaneous 

apparition. These observations about error opportunity give a way of predicting the error moments during decoding. The existence of a 

competitor indicates a potential erroneous decision. The prediction principle can be: if the competitor exceeds a threshold, , then the 

Z-MAP algorithm should be applied. 

The Z-MAP principle is: When the error instant is located, the reason for this degradation should be deleted. The Z-MAP algorithm 

works to increase the states number around this instant. A threshold, , for detecting the event of error presence should be fixed and a 

fixed backward length  should be specified. 

The Z-MAP procedure [14] is as follows: 

1) Locate the error moment during the progress of the M-BCJR in a direction. Assume, for example, the forward direction during the 

calculation of alphas. Assume  is this moment. 

2) Make a return of   time units in the trellis. 

3) Increase to , with , where this increase should not exceed . 

 

Fig 4: A trellis with 4 states [14]. 

 

An example is shown in Figure 4. Figure 4(a) shows the surviving states during the execution of the 2-BCJR of a trellis with a total of 

4 states. Suppose an error is located at moment 5, and . Figure 4(b) shows the procedure of the Z-MAP. 

5. SIMULATION RESULTS 
The simulation setup applies FTN turbo equalization and a rate-  convolutional code combined with binary modulation. The 

simulations run for 4 iterations. The Z-MAP starts running at 8 states which reduce to 4 states. 
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Z-MAP is used in the equalizer with a threshold value  and . Both the threshold value  and the traceback length  are 

chosen such that the system complexity converges to an average of four states at practical values of SNRs, while improving upon the 

4-BCJR performance. 

Figure 5 shows the bit error rate (BER) performance of the binary code-aided BPSK-based FTN with a turbo decoder applying the Z-

MAP with 8 states that can be reduced to 4 states. The figure shows the BER curves for various numbers of iterations.  

From the figure, it is shown that the performance improves as we go higher in the number of iterations. To relate the quality of the 

performance to the complexity of the applied Z-MAP, Figure 6 portrays the complexity of the equalizer (represented as the average 

number of the algorithm’s live states) versus the SNR, and as a function of the number of iterations as well. From the figure, it is 

shown that as the SNR goes higher, the complexity of the equalizer decreases, since the quality of the winning states compared to 

other competitors generally gets better. Furthermore, the same trend of complexity behavior is observed with respect to the number of 

iterations. From the figure, as the number of iterations increases, the complexity goes down. With more iterations, the reliability of the 

soft information passed around the turbo loop is improved, and thus the quality of the winning state metric is improved compared to 

the other competitors. 

 

Fig 5: Turbo equalizer BER vs.  for binary code-aided BPSK FTN-based signaling at  applying the Z-MAP. 

 

Fig 6: Average number of states of the Z-MAP turbo system of Fig. 5. 

Considering the performance shown in Figure 5 and Figure 6, as the SNR and the number of iterations are increased, the complexity 

curves converge to the performance of an 8-state BCJR while undergoing the complexity of a 4-state BCJR.This provides a great 

accommodation and adaptivity to the performance-complexity tradeoff of the M-BCJR algorithm and shows the improvement of the 

Z-MAP compared to the M-BCJR. 

We see from the figures that the Z-MAP has the performance of the 8-state BCJR, while working with the reduced complexity of only 

4.28 states at a BER of . Simulations show that the Z-MAP gives an improvement in performance over the backup M-BCJR 

with low complexity at the price of a little increase in complexity (an average of 0.28 more states at practical values of SNR and with 4 

iterations). 

The results of the Z-MAP algorithm performed in the context of the turbo equalization of the FTN signals, produce a great efficiency 

improvement over the already efficientreduced-complexity M-BCJR.Figure 7 compares the BER performance of the two algorithms 
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working almost on the same average number of live states which is equal to 4 at the fourth iteration for turbo equalizing the BPSK-

based FTN signals. 

 

Fig7: BER comparison between M-BCJR and Z-MAP turbo equalization at the 4th iteration for binary code-aided BPSK FTN-

based signaling at . 

These are the 4-BCJR and the 8-states Z-MAP. We notice that the latter shows a considerable improvement over the former. Around 

0.5 dB of improvement is achieved with the 8-state Z-MAP as compared to the 4-BCJR at an SNR of 5 dB while having the same 

complexity. 

The significance of the Z-MAP in the context of FTN equalization is quite valued. Since the ISI introduced by FTN is severe, ISI 

models as long as 32 taps are used, which incurs an exponential growth in the system’s trellis. A significant reduction in the trellis 

state space is necessary to make the system practical. This reduction in complexity is accompanied with performance degradation. So 

any increase of the system’s overall performance, while keeping the same level of complexity, is sought which is exactly what the Z-

MAP does for FTN equalization. 

One advantage of the Z-MAP algorithm over the T-MAP [1], in the context of the turbo equalization of the severe ISI introduced by 

the FTN, is in the easiness of implementation, since a system designer does not need to worry about the actual state metric values in 

order to specify a certain threshold to meet a desired level of performance-complexity tradeoff. In the Z-MAP algorithm, the threshold 

value only depends on the relative proportionality of the state metrics with each other, but not on the absolute values of the metrics as 

with the T-MAP. In fact, the threshold value set in the context of the Z-MAP would make more sense to the system designer as a value 

by itself and make the process more imaginable. This also would make it handy for the system designer to work with different setups 

and modulation alphabets. But with the T-MAP one needs more work to get to the threshold value each time they change the system 

parameters. 

6. CONCLUSION 
The idea of Z-MAP algorithm is very important, and it opens a new field of research in digital communications. The Z-MAP has 

shown to be an improved version of the backup M-BCJR algorithm, where it improves upon its performance in the context of turbo 

equalization of FTN signals at a slight increase in complexity (an average of 0.28 more states). The Z-MAP makes use of the full 

potential of the backup M-BCJR by providing adaptivity to the channel conditions and the SNR values. The significance of the Z-

MAP in the context of FTN equalization is quite valued, since any slight improvement of the FTN system performance is significant 

because of the unavoidable heavy reduction of the system complexity. 
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